Abstract. Let g(t) be a complete solution to the Ricci flow on a noncompact manifold such that g (0) is Kähler . We prove that if |Rm(g(t))| g(t) ≤ a/t for some a > 0, then g(t) is Kähler for t > 0. We prove that there is a constant a(n) > 0 depending only on n such that the following is true: Suppose g(t) is a complete solution to the Kähler-Ricci flow on a noncompact n-dimensional complex manifold such that g(0) has nonnegative holomorphic bisectional curvature and such that |Rm(g(t))| g(t) ≤ a(n)/t, then g(t) has nonnegative holomorphic bisectional curvature for t > 0. These generalize the results in [21] . As corollaries, we prove that (i) any complete noncompact Kähler manifold with nonnegative complex sectional curvature with maximum volume growth is biholomorphic to C n ; and (ii) there is ǫ(n) > 0 depending only on n such that if (M n , g 0 ) is a complete noncompact Kähler manifold of complex dimension n with nonnegative holomorphic bisectional curvature and maximum volume growth and if (1 + ǫ(n)) −1 h ≤ g 0 ≤ (1 + ǫ(n))h for some Riemannian metric h with bounded curvature, then M is biholomorphic to C n .
Introduction
In [18] , Simon proved that there is a constant ǫ(n) > 0 depending only on n such that if (M n , g 0 ) is a complete n dimensional Riemannian manifold and if there is another metric h with curvature bounded by k 0 with (1 + ǫ(n)) −1 h ≤ g 0 ≤ (1 + ǫ(n))h, then the so-called h-flow has a short time solution g(t) such that (1.1) |Rm(g(t))| g(t) ≤ C/t. This question has been studied before. It was proved by Yang and Zheng [24] for a U(n) invariant initial Kähler metric on C n , the solution constructed by Cabezas-Rivas and Wilking is Kähler for t > 0, under some additional technical conditions.
It is well-known that if M is compact or if the curvature of g 0 is bounded, the answer to the above question is yes by [11] and [21] . In this paper, we want to prove the following:
is a complete noncompact Kähler manifold with complex dimension n and if g(t) is a smooth complete solution to the Ricci flow on M × [0, T ], T > 0, with g(0)
= g 0 such that |Rm(g(t))| g(t) ≤ a t for some a > 0, then g(t) is Kähler for all 0 ≤ t ≤ T .
This gives an affirmative answer to the above question. The result is related to previous works on the on the existence of Kähler-Ricci flows without curvature bound, see [3, 4, 10, 24] for example.
We may apply the theorem to the uniformization conjecture by Yau [25] which states that a complete noncompact Kähler manifold with positive holomorphic bisectional curvature is biholomorphic to C n . A previous result by Chau and the second author [5] says that the conjecture is true if the Kähler manifold has maximum volume growth and has bounded curvature, see also [14, 7] . Combining this with the theorem, we have: Corollary 1.1. Let (M n , g 0 ) be a complete noncompact Kähler manifold with complex dimension n and with nonnegative complex sectional curvature. Suppose M n has maximum volume growth. Then M n is biholomorphic to C n .
For Kähler surface, sectional curvature being nonnegative is equivalent to complex sectional curvature being nonnegative [26] . Hence in particular, any complete Kähler surface with nonnegative sectional curvature with maximum volume growth is biholomorphic to C 2 . We should mention that recently Liu [12] proves that a complete noncompact Kähler manifold with nonnegative holomorphic bisectional curvature and with maximum volume growth is biholomorphic to an affine algebraic variety, generalizing the result of Mok [14] . Moreover, if the volume of geodesic balls are close to the Euclidean balls with same radii, then the manifold is biholomorphic to C n .
By Theorem 1.1, we know that from the solution constructed by Simon [18] one can construct a solution to the Kähler-Ricci flow if g 0 is Kähler . In view of the conjecture of Yau, we would like to know that if the nonnegativity of holomorphic bisectional curvature will be preserved by the solution g(t) of the Kähler-Ricci flow. The second result in this paper is the following: Theorem 1.2. There is 0 < a(n) < 1 depending only on n such that if g(t) is a complete solution of Kähler-Ricci flow on M × [0, T ] with |Rm(g(t))| g(t) ≤ a t , where M is an n-dimensional non-compact complex manifold. If g(0) has nonnegative holomorphic bisectional curvature, then so does g(t) for all t ∈ [0, T ].
We should mention that in [24] , Yang and Zheng proved that the nonnegativity of bisectional curvature is preserved under the Kähler-Ricci flow for U(n) invariant solution on C n without any condition on the bound of the curvature. By refining the estimates in [18] , one can prove that if ǫ(n) > 0 is small in the result of Simon, then curvature of the solution of the h-flow will be bounded by a/t with a small. Hence as a corollary to the theorem, using [5] again, we have: 
By a result of Xu [23] , we also have the following corollary which says that the condition that the curvature is bounded in the uniformization result in [5] can be relaxed to the condition that the curvature is bounded in some integral sense. Namely, we have:
is a complete noncompact Kähler manifold with complex dimension n ≥ 2 with nonnegative holomorphic bisectional curvature with maximum volume growth. Suppose there is r 0 > 0 and there is C > 0 such that
The paper is organized as follows: in Section 2 we prove a maximum principle and apply it in Section 3 to prove Theorem 1.1. In Section 4 we prove Theorem 1.2. In Section 5, we will construct solution to the Kähler-Ricci flow with nonnegative holomorphic bisectional curvature through the h-flow.
Acknowledgement: The second author would like to thank Albert Chau for some usefully discussions and for bringing our attention to the results in [23] .
A maximum principle
In this section, we will prove a maximum principle, which will be used in the proof of Theorem 1.1.
Let (M n , g 0 ) be a complete noncompact Riemannian manifold. Let g(t) be a smooth complete solution to the Ricci flow on M × [0, T ], T > 0 with g(0) = g 0 , i.e.
(2.1)
Let Γ andΓ be the Christoffel symbols of g(t) andḡ = g(T ) respectively. Let A = Γ −Γ. Then A is a (1, 2) tensor. In the following, lower case c, c 1 , c 2 , . . . will denote positive constants depending only on n. 
for some constant C = C(n, T, a) > 0 depending only on n, T, a; (iii) |A|ḡ ≤ Ct
for some constant C = C(n, T, a) > 0 depending only on n, T and a.
Proof. (i) follows from the Ricci flow equation.
(ii) is a result in [20] , see also [9, Theorem 7.1] . To prove (iii), in local coordinates:
At a point whereḡ ij = δ ij such that
2 |A|ḡ for some constants C 1 , C 2 depending only on n, T, a and c 1 , c 2 depending only on n. From this the result follows.
Under the assumption of the lemma, since g(T ) is complete and the curvature ofḡ = g(T ) is bounded by a/T , we can find a smooth function ρ on M such that
for some C ′ > 1, where∇ is covariant derivative with respect toḡ and C ′ > 0 is a constant depending on n and a/T , see [21, 22] 
−ca
where C 1 , C 2 depending only on n, T, a and c > 0 depending only on n. Here ∇ and ∆ are the covariant derivative and Laplacian of g(t) respectively.
Proof. The first inequality follows from Lemma 2.1(i). To estimate ∆ρ, at a point whereḡ ij = δ ij and g ij is diagonalized, we have
for some constants C 3 , C 4 depending only on n, T, a, and c 1 , c 2 depending only on n. By the estimates of∆ρ, the second result follows.
) be a complete noncompact Riemannian manifold with dimension n and let g(t) be a smooth complete solution of the Ricci flow on M × [0, T ], T > 0 such that the curvature satisfies |Rm| ≤ at −1 for some
(ii)
Proof. We may assume that T ≤ 1. In fact, if we can prove that f ≡ 0 on M ×[0, T 1 ] where T 1 = min{1, T }, then it is easy to see that f ≡ 0 on M ×[0, T ] because f and the curvature of g(t) are uniformly bounded on M × [T 1 , T ].
Let p ∈ M be a fixed point, and let d(x, t) be the distance between p, x with respect to g(t). By [16] (see also [8, Chapter 18] ), for all r 0 , if d(x, t) > r 0 , then
in the barrier sense, for some C 0 = C 0 (n, a) depending only on n and a. Here
The above inequality means that for any ǫ > 0, there is a smooth function
In the following, we always take ǫ = T − 1 2 . Let f be as in the lemma. First we want to prove that for any integer k > 0 there is a constant B k such that
We may assume that k > a. Let
and such that 
where C(m) > 0 depends on m and C 1 , and
where α > 0, 0 < β < 1 will be chosen later. We claim that one can choose m, α and β such that for all r >> 1
where C 2 is independent of r. If the claim is true, then we have F is bounded. Hence f (x, t) ≤ B k t k . First note that Ψ(x, t) has compact support in M × [0, T ]. By assumption (ii) and the fact f is smooth, we conclude that H(x, t) is continuous on M × [0, T ]. Moreover, by (ii) again, H(x, 0) = 0. Suppose H(x, t) attains a positive maximum at (x 0 , t 0 ) for some x 0 ∈ M, t 0 > 0. Suppose d(x 0 , t 0 ) < r, then there is a neighborhood U of x and δ > 0 such that d(x, t) < r for x ∈ U and
which is a contradiction. Hence we must have
in the barrier sense, by taking r 0 = t
, and let
which is defined near x 0 for all t. Moreover,
Hence H(x, t 0 ) has a local maximum at (x 0 , t 0 ) as a function of x. So we have (2.8) ∇H(x 0 , t 0 ) = 0 and (2.9)
where we have used the fact that σ(x) ≥ d(x, t 0 ) near x 0 and σ(x 0 ) = d(x 0 , t 0 ) so that |∇σ(x 0 )| ≤ 1. Φ and the derivatives Φ ′ and Φ ′′ are evaluated at
On the other hand,
for some ξ between
. In the following, C i will denote positive constants independent of α, β. Combining the above inequality with (2.10), we have at (x 0 , t 0 ):
where Φ, Φ ′ , Φ ′′ are evaluated at d(x 0 , t 0 )/r. Now first choose m large enough depending only on k, l so that
Then one can see that we must have ΦF ≤ 1. Hence H = θΦF ≤ C at the maximum point of H(x, t), where C is a constant independent of r. This completes the proof of the claim.
Next, let
Let ρ be the function in Lemma 2.2, we have
where we have used the fact that ρ ≥ 1. Since
In particular it is bounded. Then for any ǫ > 0
There is t 1 > 0 depending only on ǫ, C 6 such that F − ǫt < 0 for t ≤ t 1 . For t ≥ t 1 , F − ǫη < 0 outside some compact set. Hence if
preservation of the Kähler condition
In this section, we want to prove Theorem 1.1 and give some applications. Recall Theorem 1.1 as follows:
complete noncompact Kähler manifold with complex dimension n and if g(t) is a smooth complete solution to the
We will use the setup as in [21, Section 5] . Let
n } be a local holomorphic coordinate on M, and
In the following:
• i, j, k, l, · · · denote the indices corresponding to real vectors or real covectors; • α, β, γ, δ, · · · denote the indices corresponding to holomorphic vectors or holomorphic covectors,
Extend g ij (t), R ijkl (t) etc. C-linearly to the complexified bundles. We have:
In our convention, R 1221 = R(e 1 , e 2 , e 2 , e 1 ) is the sectional curvature of the two-plane spanned by orthonormal pair e 1 , e 2 . R ABCD has the same symmetry as R ijkl and it satisfies the Binachi identities.
Let
A C , and let
We begin with the following lemma: Proof. Let p ∈ M with holomorphic local coordinate z. In the following, all computations are at (z, 0) unless we have emphasis otherwise. We will prove the lemma by induction. Consider the following statement:
Here we denote covariant derivative with respect to g(t) by "; " and the partial derivative by ", ". If H i (k) are true for all i = 1, · · · , 7, we will say that H(k) holds. As usual:
We now consider the case that k = 0. Since the initial metric is Kḧler, it is easy to see that H(0) holds. Now we assume H(i) holds for all i = 0, 1, 2, · · · , k. We want to show H(k + 1) holds. We first see that
are of the same type for p = 0, 1, . . . , k, then it is also true that (g AB ) p = 0 if A, B are of the same type for p = 0, 1, . . . , k. On the other hand, in the RHS of the above inequality, the derivative of each term with respect to t is only up to order k, by the induction hypothesis, H 1 (k + 1) holds. Now
it is easy to see that H 2 (k + 1) holds because H 3 (k) holds. Since
and since that H 1 (k + 1) and H 2 (k + 1) hold, we conclude that H 3 (k + 1) holds.
Here we have used the symmetries of R ABCD .
Since
by the induction hypothesis. If A =γ, then each term on the RHS is zero by the induction hypothesis. If A = γ, then
So R γσ;β − R γβ;σ n = 0 for n ≤ k by the induction hypothesis. Thus,
BA and Γ C AB = ΓC AB , it is easy to see that H 4 (k + 1) holds.
Next,
Now we use the Uhlenbeck's trick to simplify the evolution equation of the complex curvature tensor. We pick an abstract vector bundle V over M which is isomorphic to T C M and denote the isomorphism u 0 : V → T C M. And we take {e A := u −1 0 ( ∂ ∂z A )} as a basis of V . We also consider a metric h on V by h := u * 0 g 0 . We let u 0 evolute by
In local coordinate, we have
It is easy to see that ∂ ∂t h(t) ≡ 0 for all t, so h(t) ≡ h for all t. We use u(t) to pull the curvature tensor on T C M back to V :
In local coordinate, we havẽ
Define a connection on V in the following: For any smooth section ξ on V ,
F . Then by (3.2), the evolution equation ofR is:
where Proof. Note that we have:
By Lemma 3.1, in order to prove the lemma, it is sufficient to prove that Proof of Theorem 3.1. As in [21] , define a smooth function
One can check ϕ is well-defined (independent of coordinate changes on M) and is nonnegative. The evolution equation of ϕ is (See [21] ):
As the real case, define the norm of the complex curvature tensor by:
Then we have
By the definition of R ABCD , we also have:
Combining with (3.5), we have
On the other hand, by (3.4), Lemma 3.2 and the fact that h is independent of t, we conclude that at t = 0, ∂ k ∂t k ϕ = 0, for all k. By Lemma 2.3, we conclude that ϕ ≡ 0 on M × [0, T ]. As in [21] , we conclude that g(t) is Kähler for all t > 0. Proof. The corollary follows immediately from the result of Cabezas-Rivas and Wilking [2] , and Theorem 3.1. Then for all t > 0, g(t) has nonnegative complex sectional curvature and the curvature of g(t) is bounded. We want to prove that g(t) has maximum volume growth. Let p ∈ M and let r > 0 be fixed. Letg(s) = r −2 g(r 2 s), 0 ≤ s ≤ r −2 T . Theng(s) is a solution to the Kähler-Ricci flow with initial datag(0) = r −2 g 0 . Since the sectional curvature ofg(s) is nonnegative, as in [2] , using a result of [17] , one can prove that:
where V p (h, 1) denotes the volume of the geodesic ball with radius 1 and center at p with respect to h and c n is a positive constant depending only on n. Now
because g 0 has maximum volume growth. Hence there is r 0 > 0 such that if r ≥ r 0 , then
for some constant independent of s and r for all 0 ≤ s ≤ r −2 T . Fix t 0 > 0, and let s be such that r 2 s = t 0 . Then s ≤ r −2 T . So we have
if r is large enough. That is, g(t 0 ) has maximum volume growth. By [5] , we conclude that M is biholomorphic to C n .
Preservation of non-negativity of holomorphic bisectional curvature
Let (M n , g 0 ) be a complete noncompact Kähler manifold with complex dimension n. We want to study the preservation of non-negativity of holomorphic bisectional curvature under Kähler-Ricci flow, without assuming the curvature is bounded in space and time.
Let us first define a quadratic form for any (0, 4)-tensor T on T C M with a metric g by
C M, where T αβγδ = T (e α ,ē β , e γ ,ē δ ), T αβ = g γδ T αβγδ and {e 1 , . . . , e n } is a unitary frame with respect to the metric of g, T XμνȲ = T (X,ē µ , e ν ,Ȳ ) etc. Here T is a tensor has the following properties:
Let g(t) be a solution of the Kähler-Ricci flow:
Recall the evolution equation for holomorphic bisectional curvature: (See [8,
Here △ is with respect to g(t). Next define a (0, 4)-tensor B on T C M (with a metric g) by:
for all E, F, G, H ∈ T C M. Proof.
Re(B Xμ B µXYȲ + B Yμ B XXµȲ )
Let {e 1 , . . . , e n } be a unitary frame. X = n µ=1 X µ e µ , n µ=1 Y = Y µ e µ . We compute it term by term:
Similarly, we have
We are ready to prove Theorem 1.2:
, where M is an n-dimensional non-compact complex manifold. If g(0) has nonnegative holomorphic bisectional curvature, then so does g(t) for all t ∈ [0, T ].
Proof. The theorem is known to be true if the curvature is uniformly bounded on space and time [21] . Since g(t) has bounded curvature on M × [τ, T ] for all τ > 0, it is sufficient to prove that g(t) has nonnegative bisectional curvature on M × [0, τ ] for some τ > 0. Hence we may assume that T ≤ 1.
In the following, lower case c 1 , c 2 , · · · will denote constants depending only on n.
Since g(T ) has bound curvature a T and is complete, as in Lemma 2.2, a smooth function ρ defined on M such that
for some constant D 1 depending only on n and g T , where d T (x, p) is the distance function with respect to g T from a fixed point p ∈ M, where∇ is the covariant derivative with respect to g T Suppose |Rm(g(t))| g(t) ≤ a/t, where a is to be determined later depending only on n. By Lemma 2.2, we have
for some constant D 2 depending only on n, g T . Here and below, ∇ is the covariant derivative of g(t) and hence is time dependent. We may get a better estimate for ∆ρ = ∆ g(t) ρ than that in Lemma 2.2. Choose a normal coordinate with respect to g(T ) which also diagonalizes g(t) with eigenvalues λ α . Then
by Lemma 2.1.
Let φ be a smooth cut-off function from R to [0, 1] such that ) on M for r ≥ 1. Note that Ψ depends on r. Then we have
by (4.2), and where R is the curvature tensor of g(t) and B is evaluated with respect to g(t).
Define the following function on M × (0, T ]:
M}.
Here | · | t is the norm with respect to g(t).
To show the theorem, it suffices to show for all r >> 1, H(x, t) ≥ 0 for all x and for all t > 0. Note that t 1 2 H(x, t) is a continuous function. Since Ψ has compact support, and B(X,X, Y,Ȳ ) ≥ 1 for all |X| t = |Y | t = 1, there is a compact set K ∈ M such that
On the other hand, we claim that there is T 0 > 0 such that t 1 2 H(x, t) > 0 on K × (0, T 0 ). Let {e 1 , e 2 , . . . , e n } be a unitary frame near a compact neighborhood U of a point x 0 ∈ K with respect to g 0 . Then at each point x ∈ U, R αβγδ (x, t) = R αβγδ (x, 0) + tE where |E| is uniformly bounded on U ×[0, T ]. Since g(t) is uniformly equivalent to g(0) on U, for any X, Y ∈ T 1,0
for some constant D 5 > 0 where we have used the fact that g 0 has nonnegative holomorphic bisectional curvature. Since g(t) and g 0 are uniformly equivalent in K, and K is compact, we conclude that
, it is easy to see the claim is true. To summarize, we have proved that there is a compact set K and there is T 0 > 0, such that
Suppose H(x, t) < 0 for some t > 0. Then t 1 2 H(x, t) < 0 for some t > 0. We must have x ∈ K and t ≥ T 0 . Hence we can find x 0 ∈ K, t 0 ≥ T 0 and a neighborhood V of x 0 such that H(x 0 , t 0 ) = 0, H(x, t) ≥ 0 for x ∈ V , t ≤ t 0 . This implies that there exist X 0 , Y 0 ∈ T (1,0)
Then we extend X 0 , Y 0 near x 0 by parallel translation with respect to g(t 0 ) to vector fields X 0 , Y 0 such that they are independent of time and
, we have h(x 0 , t 0 ) = 0 and h(x, t) ≥ 0 for x ∈ V , t ≤ t 0 by the definition of A.
Hence at (x 0 , t 0 ),
where we have used (4.5) and the fact that ∆B = 0. On the other hand, at (x 0 , t 0 )
where we have used the fact that ∇g = 0 and ∇ X 0 = ∇ Y 0 = 0 at (x 0 , t 0 ). Hence (4.6) implies 0 ≥t
where we have used (4.4), where D 7 > 0 is a constant depending only on g T , n, m. On the other hand, by the null-vector condition [15, Proposition 1.1] (see also [1] ), we have
By a direct computation, one can see that
0 ΨεR * B, and we have 0 ≤t
where we have used Lemma 4.1 and c 5 is a constant depending only on n. That is
where we have used the fact that h(x 0 , t 0 ) = 0 which implies Ψ(x 0 , t 0 ) > 0. Combining this with (4.7), we have 0 ≥ − (c 3 + c 5 )εat
Since h(x 0 , t 0 ) = 0, we also have
Hence at (x 0 , t 0 ), (4.9) implies, if 0 < a < 1, then
where D 8 > 0 are constants depending only on g T , n, m. Here
Hence if c 4 a < If a also satisfies a(c 3 + c 5 ) < As an application, we have the following:
Proof. By [23] , the Ricci flow with initial data g 0 has short time solution g(t) so that the curvature has the following bound:
for some constant C. Since n p < 1, by Theorems 3.1and 4.1 g(t) is Kähler and has bounded nonnegative bisectional curvature for t > 0. Since n p < 1 it is easy to see that g(t) is uniformly equivalent to g 0 . Hence g(t) also has maximum volume growth. By [5] , M is biholomorphic to C n .
producing Kähler-Ricci flow through h-flow
We want to produce solutions to Kähler-Ricci flow using the solutions of the so-called h-flow by M. Simon [18] . Let us recall the set up and some results in [18] . Let M n be a smooth manifold, and let g and h be two Riemannian metrics on M. For a constant δ > 1, h is said to be δ close to g if
Let g(t) be a smooth family of metrics on
is said to be a solution to the h-flow, if g(t) satisfies following DeTurck flow, see [20, 18] :
where
kl are the Christoffel symbols of g(t) and h respectively, and ∇ is the covariant derivative with respect to g(t). One can rewrite (5.1) in the following way which shows that it is a strictly parabolic system:
where ∇ is covariant derivative with respect to h. In order to emphasis the background metric h, we call it h-flow as in [18] . We are only interested in the case that M is noncompact and g is complete.
In [18] , Simon obtained the following:
There is a ǫ = ǫ(n) > 0 depending only on n such that if (M n , g 0 ) is a smooth n-dimensional complete noncompact manifold such that there is a smooth Riemannian metric h with |∇ i Rm(h)| ≤ k i for all i and is (1+ǫ(n)) close to g 0 , then the h-flow (5.1) has a smooth solution on M ×[0, T ] for some T > 0 with T depending only on n, k 0 such that g(t) → g 0 as t → 0 uniformly on compact sets and such that
for all i, where C i depends only on n, k 0 , . . . , k i . Moreover, h is (1 + 2ǫ) close to g(t) for all t. Here and in the following ∇ and | · | are with respect to h.
From this and using Theorem 3.1, one can construct solution g(t) to the Kähler-Ricci flow if g 0 is Kähler . Moreover, the curvature of g(t) is bounded by C/t. However, we motivated by the uniformization conjecture of Yau [25] , we also want to prove that if g 0 has nonnegative holomorphic bisectional curvature, then one can construct solution to the Kähler-Ricci flow so that g(t) also has nonnegative holomorphic bisectional curvature. To achieve this goal, we want to apply Theorem 4.1. Therefore, we want to show that C in the curvature bound C/t above is small provided ǫ is small. We need more refined estimates of |∇g| and |∇ 2 g|. We proceed as in [20, 18] Recall the evolution equations |∇ p g| 2 , p = 1, 2. Let Rm be the curvature tensor of h and let
Then (see [18] ):
,0≤i,j,k≤2
Here for tensors S 1 * S 2 denotes some trace with respect to h of tensors S 1 , S 2 . The total numbers of terms on the R.H.S. of each equation depend only on n. 
Proof. 
Let f 0 = |g|, f 1 = |∇g| and f 2 = |∇ 2 g|. First choose b > 0 such that: (c1) e 2b ≤ 2 and e b ≤ 1 + ǫ(n). Then we have f 0 ≤ c 1 . Here and in the following, lower case c i will denote positive constants depending only on n.
Using (5.4), we estimate terms of R.H.S. of (5.2) in the following:
where we have used the assumption that k 0 + k 1 ≤ 1. Next we define a smooth function ϕ on M × [0, T ] as follows:
We will choose a > 0 and m later with a depending only on n and m depending only on n, α. One can choose a coordinate system {x i } such that at one point:
Here we use the fact that e −2b h ≤ g(t) ≤ e 2b h and k 0 ≤ 1. Now we define ψ = ϕ · f where we have used the fact (5.4) and e 2b ≤ 2 which also imply Let a = , then a = a(n) which depends only on n. We have ψ ≤c 9 mf
Since h has bounded curvature, there is a smooth function ρ(x) such that
where d(p, x) is the distance function from p with respect to h and D 1 is a constant depending on h, see [21, 22] . Letη(s) be a smooth function on R such that 0 ≤η ≤ 1,η = 1 for
). By (5.8), we have F ≤ tη r c 9 mf
. Suppose t 0 = 0, then F (x 0 , t 0 ) = 0. Suppose t 0 > 0, then at (x 0 , t 0 ), ψ∇ j η r + η r ∇ j ψ = 0, and multiplying the about inequality by t 0 η r , we have 0 ≤(t 0 η r ) 2 c 9 mf
where we have used the fact that t 0 ≤ T ≤ 1, η r ≤ 1, and c −1 ≤ ϕ ≤ c for some constant c depending only on n. Let m be such that (c3) m ≥ Let r → ∞, we conclude that: and satisfies (c1). b also satisfies (c2). Then b depends only on n, α. For this choice of m, b we conclude the lemma is true by (5.9). 
Proof. As in the proof of the previous lemma, let f i = |∇ i g|. Let b > 0 be such that e b ≤ 1 + ǫ where ǫ = ǫ(n) is the constant in Theorem 5.1. Suppose h is e b close to g 0 and let g(t) be the solution of the h-flow with g(0) = g 0 obtained For r > 1, let ρ,η, η r as in the proof of the previous lemma, and let
F (x, t).
If t 0 = 0, then F (x 0 , t 0 ) = 0. If t 0 > 0, then at (x 0 , t 0 ), we have by (5.11), as in the proof of the previous lemma:
where D 1 depends on h. Multiply both sides by t p 0 η r (at
2 using the fact that t 0 ≤ 1, η r ≤ 1 and that t 0 ≤ β, we have
Let p = 3, we have 1 8
Let r → ∞, we conclude that
where T 2 = min{T 1 , β}. By the definition of a, we conclude that
provided β ≤ 1. Now choose β ≤ 1 such that c 11 β < α 2 . β depends only on n, α. Choose choose b satisfying (c1) and a satisfying (c3). If t ≤ β, T 1 , then we have
, where T 2 = min{T 1 , β}. This completes the proof of the lemma. 
Proof. First we remark that by [20] , there is a solution to the Ricci flow with initial data h with bounded curvature in space and time. Moreover, for t > 0 all order of derivatives of the curvature tensor for a fixed t > 0 are uniformly bounded, the solution exists in a time interval depending only on n, k 0 , and the bounds of the derivatives of the curvature tensor for a fixed t > 0 depend only on n, k 0 , and t. Hence without lost of generality, we may assume that
Here and in the following ∇ is the covariant derivative with respect to h and Rm is the curvature tensor of h and | · | h is the norm relative to h.
Note that if h is 1 + ǫ close to g 0 , then λh is also 1 + ǫ close to λg 0 for any λ > 0. Moreover, if g(t) is a solution to the Ricci flow with initial data g 0 , then λg(λ −1 t) is a solution to the Ricci flow with initial data λg 0 , and if
Hence we may assume that k 0 + k 1 + k 2 ≤ 1. Let us first assume that ǫ(n, α) < ǫ(n) where ǫ(n) is the constant in Theorem 5.1.
For any R > 0, let 0 ≤ η R be a smooth function on M such that t i for i = 1, 2. Now we want to claim that there is a constant c 1 = c 1 (n) depending only on n such that (5.14) |Rm(ḡ R (t))| g R (t) ≤ c 1 | Rm| h + | ∇ḡ R (t)| To see (5.14), we choose a normal coordinate at any fix point x ∈ M with respect to h and it also diagonalizesḡ R (t). In this coordinate, we havē on M × (0, T 2 ]. Since g R,0 has uniformly bounded curvature, which may depends on R, by [6, 19] for any compact set U, there is a constant C 1 independent of R such that |Rm(g R (t))| g R (t) ≤ C 1 on U × [0, T 2 ]. By [20] (see also [13, Theorem 11] ), we see that for each m, there is a constant C(m) independent of R such that
. From this, we obtain that
on U × [0, T 2 ] for some constant C(m) independent of R. Hence by diagonal process, passing to a subsequence, g R (t) converges in C ∞ topology on compact sets of M ×[0, T 2 ] to a solution g(t) of the Ricci flow with g(0) = g 0 . Moreover, by (5.15), |Rm(g(t))| g(t) ≤ 3c 1 β t .
Next, we claim g(t) is complete for all t ∈ [0, T 2 ]. Let {y k } be a divergence sequence of points in M. For any fixed point x 0 and t ∈ [0, T 2 ], we have d g R (t) (x 0 , y k ) =dḡ R (t) (ϕ R (x 0 , t), ϕ R (y k , t)) ≥dḡ R (t) (x 0 , y k ) − dḡ R (t) (ϕ R (x 0 , t), x 0 ) − dḡ R (t) (y k , ϕ R (y k , t)),
for some positive constants C 3 , C 4 independent of R, y k , where we have used (5.12) which implies W (x, t) in (5.16) is uniformly bounded by a Ct − 1 2 for some constant C for all x, t and R, and we have also used the fact that (1 + 2ǫ) −1 h ≤ g R ≤ (1 + 2ǫ)h for all R and t ∈ [0, T ]. This implies
Let R → +∞, we see that
Since h is complete, we obtain d g(t) (x 0 , y k ) → ∞ as k → ∞. This implies g(t) is complete.
Now choose β such that 3c 1 β = α, we conclude that the lemma is true.
Now we want to prove the main result of this section: for some C 1 > 0 for all r because g 0 has maximum volume growth andḡ R (t) is uniformly equivalent to h which in turn is uniformly equivalent to g 0 . Here Vḡ R (t) (x 0 , r) is the volume of the geodesic ball Bḡ R (t) (x 0 , r) with respect tō g R (t). As in the proof of Lemma 5.3, Vḡ R (t) (x 0 , r) = V g R (t) (ϕ −1
t (x 0 ), r) ≤ V g R (t) (x 0 , r + C 2 ) for some constant C 2 > 0 independent of R and x 0 . From this and (5.17), we conclude that g(t) has maximum volume growth. Hence M is biholomorphic to C n by the result of [5] .
